Abstract. We prove that the non-regular binary matroids with no P * 9 -minor have linear growth rate and the maximum size binary matroids with no P * 9 -minor are graphic. The main technique in the proof is the Strong Splitter Theorem using which we find the precise infinite families of 3-connected binary matroids with no P * 9 -minor.
Introduction
The growth rate function of a minor-closed class M, denoted by h M (r), is defined as the maximum number of elements in a simple 3-connected rank-r matroid in M if the number is finite and infinity otherwise. We put 3-connected in the definition itself since matroids that are not 3-connected may be built up from 3-connected matroids using direct-sums and 2-sums [7, 8.3.1] . For example, if M is the class of graphic matroids, then M has just one rank-r infinite family of matroids, namely, the complete graphs of rank-r denoted by K r+1 , for r ≥ 1. The growth rate function is the size of K r+1 , which is r(r+1) 2
. We call K r+1 an infinite family of rank-r extremal matroids in M. Similarly, if M is the class of binary matroids, then again M has just one rank-r infinite family of extremal matroids, namely, the rank-r projective geometry P G(r − 1, 2), for r ≥ 2. Note that the rank-r complete graph K r+1 is a minor of the rank-r projective geometry P G(r − 1, 2). The growth rate function is the size of P G(r − 1, 2), which is 2 r − 1. A non-trivial example would be Oxley's characterization of the binary matroids with no P 9 or P * 9 -minor [7] . This class has one rank-r infinite family of matroids, namely, the rank-r binary spikes Z r , for r ≥ 4. The matroid Z r can be represented by the matrix [I r |D], where D has r + 1 columns with zeros on the diagonal and ones elsewhere. The growth rate function of this class is the size of Z r , which is (2r + 1).
A minor-closed class may have more than one infinite family of 3-connected extremal matroids. For example, if M is the class of graphs with no minor isomorphic to the prism graph (K 5 \e) * , then Dirac proved that the two distinct recursively defined rank-r infinite families of 3-connected extremal graphs are W r , for r ≥ 3, and K ′′′ 3,p , for p ≥ 3 [1] . Observe that W r and K ′′′ 3,p are not deletion-minors of each other as in the case of K r+1 and P G(r − 1, 2). The size of W r is 2r + 1 and the size of K ′′′ 3,p is 3r − 3. Since the growth-rate function is the size of the largest rank-r matroid, for this class it is 3r − 3. Another example appears in [2, 8.2] . The class of 3-connected binary almost-regular matroid with no E 5 -minor has three distinct infinite extremal families of matroids F 1 (m, n, r) and F 2 (m, n, r), for m, n, r ≥ 1, and S 3n+1 , for n ≥ 3.
The above examples illustrate the need for a careful definition of extremal matroids. Let M be a minor-closed class of matroids. Suppose M has k ≥ 1 infinite families of recursively defined rank-r 3-connected matroids M Then, we say the class has k distinct extremal families of matroids. Each extremal family has a growth-rate function f (r) and the growth-rate function for the class M, h M (r), is the largest f (r).
In this paper we give a complete characterization of the binary matroids with no P * 9 -minor. Matrix representations for P 9 and its dual P * 9 are given below. In addition to the binary spikes this class has the infinite family of matroids Ω r , for r ≥ 5, which has size 4r − 5. Whereas the technique used in Oxley's paper is the Splitter Theorem, the result in this paper requires the Strong Splitter Theorem [3] . The next theorem is the main theorem in this paper. 
2 Note to referee: There is a lot of confusion in the matroid community about use of software. Papers that use Macek have to cite a computer component because of the way Macek works -Macek checks whether or not a matroid has a minor but does not give the explicit sequence of deletions and contractions to get the minor. When the explicit deletions and contractions are found there is no "computer component." Moreover, those who use Macek are brute-force checking hundreds of matroids and it is not practical to do anything by hand. Hence they have to verify their computations with other software, which is the standard in computer science (a result is acceptable in computer science if two different programs give the same result). None of this is relevant to my work. Most of the few tables in the Appendix appear in my dissertation where linear transformations were found by hand between isomorphic binary matroids.
The Strong Splitter Theorem says that we can obtain up to isomorphism M starting with N and at each step doing a 3-connected single-element extension or coextension, such that at most two consecutive single-element extensions may occur in the sequence before a single-element coextension must occur, unless the rank of the minors involved are the same as the rank of M. Moreover, as the last line indicates, if two consecutive single-element extensions by elements {e 1 , e 2 } are followed by a coextension by element f , then {e 1 , e 2 , f } forms a triad in the resulting matroid.
Motivated by this result, observe that every rank-r extremal matroid has a rank-r root matroid α r that is a cosimple single-element coextension of the rank-(r − 1) root, α r−1 or of its simple single-element extensions, or of its simple double-element extensions (formed in the one specific manner described by the Strong Splitter Theorem.) There is no reason to asssume a priori that the rank-r root matroid is unique. The rank-r root matroid(s) could have 1, 2, or 3 more elements than the rank-(r − 1) root(s), and in each case there could be many non-isomorphic rank-r roots. However, when α r happens to be unique, we get a recursive way of defining it and then in turn a recursive way of defining the rank-r extremal matroid Ω r . In subsequent papers we will develop strategies for ensuring uniqueness of the root matroid in certain types of excluded minor classes.
For EX[P The above matrix representation reveals how α r is recursively constructed from α 5 shown below, which is the starting matroid for this family: Once the construction of the rank-r root matroid is understood, the construction of the rank r-extremal matroid folows easily. To obtain Ω 5 from α 5 add five columns
T . To obtain Ω 6 from α 5 add six columns
T . Matrix representations for Ω 5 and Ω 6 are shown below: In general to obtain Ω r from α r add r columns c r = [110000, . 4 Suppose M is a 3-connected binary non-regular matroid with no P 9 nor P * 9 -minor. Then the rank-r root matroid is Z * r−1 and the extremal matroid is Z r .
Proof. The proof is by induction on r ≥ 4. Suppose r = 4. Observe that AG(3, 2) and S 8 are the two non-isomorphic simple single-element extensions of F * 7 . Since they are self-dual, they are also the coextensions of F 7 . The matroid S 8 has two non-isomorphic simple single-element extensions P 9 and Z 4 and AG(3, 2) has one simple single-element extension Z 4 . Observe that Z 4 is the rank-4 extremal matroid in EX[P 9 , P * 9 ]. Moreover, AG(3, 2) = Z 4 \c 4 and S 8 = Z 4 \a 4 and both are self-dual. Their coextension is Z * 4 , which becomes the rank-5 root matroid. Thus the result holds for r = 4. Assume the result holds for all non-regular matroids of rank at most (r − 1) in EX[P 9 , P * 9 ] for r ≥ 5. Suppose M is a rank-r matroid in EX[P 9 , P * 9 ]. 
Therefore, the rank-r root matroid is Z * r−1 .
Claim B. The rank-r root Z * r−1 extends to the rank-r extremal matroid Z r .
Proof. We will prove that the only columns that can be added to Z * 
Thus, Z r is the rank-r extremal matroid.
This completes the proof of Lemma 2.1.
Returning to the proof of Theorem 1.1, suppose M is a 3-connected binary non-regular matroid with a P 9 -minor, but no P * 9 -minor. From Tables 1a and 1b in the Appendix we see that P 9 has three non-isomorphic simple single-element extensions, D 1 , D 2 , and D 3 , and eight non-isomorphic cosimple single-element coextensions of which just one matroid E 7 has no P * 9 -minor.
Since P * 9 is a rank 5 matroid, EX[P * 9 ] contains P G(3, 2). We will prove that a matroid of rank r ≥ 5 in EX[P * 9 ] has an E 7 -minor. Note that E 7 = α 5 .
Lemma 2.2.
5 Suppose M is a 3-connected binary matroid with a P 9 -minor and no P * 9 minor and rank at least 5. Then M has an E 7 -minor.
Proof. By the Strong Splitter Theorem M must be a cosimple single-element coextension of P 9 or of its single-element extensions D 1 , D 2 , or D 3 , or of its double-element extensions X 1 , X 2 , X 3 formed with row [0000011] . Observe that if M is a coextension of P 9 , then as mentioned earlier M ∼ = E 7 and E 7 is formed by adding just one row [00011] .
Suppose M is a coextension of D 1 , D 2 , or D 3 shown below: Table 4 in the Appendix shows that in all cases the resulting coextension has a P * 9 -minor or an E 7 -minor. Lastly, the matrices X 1 , X 2 , and X 3 with row [0000011] are shown below. They have a P * 9 -minor or an E 7 -minor. 
The simple single-element extensions and cosimple single-element coextensions of E 7 are shown in Tables 2a and 2b in the Appendix, respectively. All three single-element coextensions of E 7 have a P * 9 -minor, but there are three single-element extensions with no P 
. Thus, we conclude that r(M) ≤ 5.
Lemma 2.4.
6 Suppose M is a 3-connected binary matroid with an α 5,1 -or α 5,2 -minor and no P * 9 -minor. Then the rank-r root matroid is α r and the extremal matroid is Ω r .
Proof. The proof is by induction on r ≥ 5. Suppose r = 5. As noted earlier, T . Adding all these columns to α 5 gives Ω 5 . Table 2b shows that every cosimple single-element coextension of α 5 has a P * 9 -minor and (using the same method as for α 5,3 ) Table 3 shows that every cosimple single-element coextension of α 5,1 and α 5,2 also have a P * 9 -minor. It is easy to check that α 5,1 (with c 5 ) has two simple single-element extensions in EX[P Assume the result holds for all non-regular matroids of rank at most (r − 1) in EX[P * 9 ] with a minor isomorphic to α 5,1 or α 5,2 . Suppose M is a rank-r matroid in EX[P * 9 ] with a minor 6 Note to referee: As mentioned earlier, the proofs of Lemmas 2.1, 2.2, and 2.3 may be removed and replaced with a one page explanation citing previous results. Lemma 2.4 is a new result. * 9 -MINOR isomorphic to α 5,1 or α 5,2 . We will first show that α r−1 gives rise to the rank-r root α r . Then we will shown that α r extends to the rank-r extremal matroid Ω r .
Claim A. The rank-(r − 1) root α r−1 gives rise to the rank-r root α r Proof. By the Strong Splitter Theorem, M must be a cosimple single-element coextension of one of the following matroids: α r− 1 , α r−1,1 , α r−1,2 , α r−1,1,1 , α r−1,1,2 , or α r−1,2,2 . Moreover, if M is a cosimple single-element coextension of α r−1,1,1 , α r−1,1,2 , or α r−1,2,2 , then {b r , c r , d r } is a triad (i.e. the matrix is formed with row [00 . . . 011]). 7 Note to referee: All these rows can be written in paragraph format making the paper much shorter. It is displayed like this to help the referee follow the intricate arguments.
On the other hand, observe that α r−1,1 \c r−2 /b r−1 ∼ = α r−2,1,1 .
Note the isomorphism instead of inequality. This happens because in α r−1,1 \c r−2 /b r−1 the last two columns d r−2 and c r−1 are switched. Otherwise it would be exactly equal to α r−2,1,1 . By the induction hypothesis, α r−2,1,1 has exactly one cosimple single-element coextension in the class (viz. the one formed by row x = [000 . . . 011]). The isomorphism instead of equality is of no consequence since the last two entries in a Type I row are both ones. Thus we have Type I rows with the a zero or one in the third last entry (the position of the deleted column c r−2 ), Type II rows which are the identity rows with a one in the third last entry, and Type III rows with the third last entry switched. . Therefore, the only matrices that must be checked explicitly for a P 9 minor are the ones formed with the above three rows. These three rank-r matroids have the following three rank-7 minors, respectively, obtained by contracting {b 7 , . . . , b r−1 } and deleting {c 5 , d 5 , c 6 , d 6 , . . . , c r−3 , d r−3 }. 
The above matroids have a P * 9 -minor. Thus M cannot be a cosimple single-element coextension of α r−1,1 . The only common row is [000 . . . 00011]. Therefore, the only matrix that must be checked explicitly for a P 9 minor is the following matrix with row [000 . . . 00011]. This matrix has the following rank-7 minor obtained by obtained by contracting {b 7 , . . . , b r−1 } and deleting {c 5 , d 5 , c 6 , d 6 , . . . , c r−3 , d r−3 }. 
The above matroid has a P * 9 -minor. Thus M cannot be a cosimple single-element coextension of α r−1,2 . 
The rank-r root α r extends to the rank-r extremal matroid Ω r
Proof. We will prove that the only columns that can be added to α r are c r , d r , e r , f r , g r,1 , . . . , g r,r−4 .
Observe that adding all these columns give Ω r . We begin by showing that α r has two single-element extensions α r,1 and α r,2 . Observe that
By the induction hypothesis the only columns that can be added to α r−1 are e r−1 , f r−1 , g r,1 , . . . , g r,r−5 .
There are three types of columns that can be added to α r . Type I columns are α r−1 are e r−1 , f r−1 , g r,1 , . . . , g r,r−5 with a zero or one in the last entry. Type II and III columns are the columns of α r−1 with a zero or one in the last entry. The columns are listed below with the last entry highlighted: Returning to the proof of Theorem 3.1, it is easy to see that α r has two non-isomorphic singleelement extensions α r,1 formed by adding columns c r , d r or g r,1 , and the remaining columns give α r,2 . The matroid α r,1 has two non-isomorphic single-element extension, the notable one that gives rise to the rank-(r+1) root matroid is α r,1,1 formed by adding c r and d r to α r .
We end this paper by showing how Theorem 1.1 follows from Theorem 3.1.
Proof of Theorem 1.1. Each of the matroids and families of matroids listed in Theorem 3.1 is an extremal matroid for EX[P * 9 ]. Theorem 3.1 implies that the growth rate of Z r and Ω r are the only relevant ones to determine the growth rate of the class EX[P * 9 ]. The size of Z r as mentioned earlier is 2r + 1 [7] . Proposition 2.2 implies that the size of Ω r is 4r − 5. Thus the growth-rate function of the non-regular matroids with no P * 9 -minor is 4r − 5. It follows that the non-regular members of EX[P * 9 ] have linear growth rate. The growth rate function for regular matroids is 
